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Overview

• Positioning explicit teaching 
within this presentation

1.0

• Mathematical reasoning

2.0

• Teacher questioning

3.0
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What do we know about 
students’ mathematical 
reasoning?



Five ways to guide our thinking… 

Students progressing in 
trajectories and in turn displaying 

mathematical thinking 
(Bobis et al., 2005; Clements & Sarama, 2014; DiSessa, 2000; 

Empson, 2011; Fraivillig et al., 1999; Siemon et al., 2017; Simon 
& Tzur, 2004; Wilson et al., 2013).

Students engaging in problem 
solving tasks

(Boaler, 1998; Cheeseman, 2008; Fennema et al., 1998; Franke 
& Carey, 1997; Freiman, 2018; Mueller et al., 2014; Schoenfeld, 
1987, 1988;  van Bommel & Palmer, 2018; Wood et al., 2006).

Students engaging with strategies 
that support sense making 

(Ball, 1993; Fennema et al., 1998; Ginsburg & Seo, 1999; 
Papandreou & Tsiouli, 2020; Steinberg et al., 2004; Wood et al., 

2006).

Students displaying reasoning and 
justifying during mathematical 

learning experiences
(Anthony et al., 2015; Carpenter et al., 2003; Diezmann et al., 

2001; Henningsen & Stein, 1997; Herbert et al., 2015; Hunter & 
Anthony, 2011; Melhuish et al., 2020; Papic et al., 2009; Vale et 
al., 2017; Warren et al., 2013; Watters & English, 1995; Wood & 

McNeal, 2003).

Students making connections to 
known mathematical ideas and 

transferring their thinking 
(Carpenter et al., 1990; Clements & Sarama, 2007; Fraivillig et 

al., 1999; Kinnear et al., 2018; Mulligan et al., 2006; Papic et al., 
2011; Stein et al., 1996; Warren & Cooper, 2005; White, 1998).



• Developmental 
progressions in 
learning 
mathematics 
concepts are 
referred to as 
learning 
trajectories, 
stepping 
stones, or 
growth points

• Learning 
trajectories 
help teachers 
gauge 
students' 
conceptual 
development 
and determine 
what learning 
needs to be 
addressed for 
the next task

• Learning 
trajectories, 
also known as 
learning 
sequences, 
guide teachers 
in 
understanding 
students' 
learning 
journeys and 
planning 
appropriate 
learning 
experiences

• Learning 
trajectories are 
multidimension
al, 
encompassing 
mathematics 
goals, models of 
students’s 
thinking, 
instructional 
tasks, and their 
interaction

• Learning 
trajectories 
consist of 
three main 
components: a 
goal, a 
developmental 
progression, 
and 
instructional 
activities, with 
mathematical 
thinking 
occurring 
during the 
developmental 
progression



• The dispositions required to 
problem solve include:

• (a) preserving; 
• (b) focusing attention on the 

problem; 
• (c) testing the hypothesis; 
• (d) taking risks; 
• (e) displaying flexibility; 
• (f) attempting to solve the 

problem in a different way; 
and, 

• (g) displaying to self-
regulate 

• Students engage in problem 
solving by manipulating 
“physical objects, progress 
to various counting 
strategies, and then move 
on to more abstract 
strategies such as derived 
facts or invented 
algorithms”

• Students learn the 
processes of problem 
solving and the 
mathematical ideas that 
underpin that learning 
through exploring 
mathematical problems



• Students 
benefit from 
engaging in 
multiple 
strategies to 
understand 
mathematics 

• Invented 
strategies, 
such as solving 
problems 
without paper 
or pencil or 
using 
unconventiona
l methods, aid 
in students' 
understanding 
of 
mathematics 

• Inventing 
mathematical 
strategies lays 
the 
groundwork 
for tackling 
more complex 
mathematical 
concepts as 
students' 
progress 

• Students' 
ability to 
invent 
strategies is 
evident across 
different age 
groups and is 
linked to 
deeper 
mathematical 
thinking 

• Classroom 
environments 
that encourage 
inquiry and 
argumentation 
provide 
opportunities 
for students to 
express and 
develop their 
invented 
methods 



Sense-Making | Adding Two-Digit Numbers

What is 24 + 58?



Sense-Making | Adding Two-Digit Numbers

What is 
24 + 58?

Battista, 2018



Sense-Making | Adding Two-Digit Numbers

Battista, 2018 



• Inductive 
reasoning: 
verifying 
predictions

• Abductive 
reasoning: 
find the best 
explanation 
with the use 
of additional 
information 
to build on 
new learning

• Deductive 
reasoning: 
making 
predictions

• Adaptive 
reasoning: 
using a 
collection of 
findings, 
processes, 
concepts and 
solutions, to 
make sense of 
the 
mathematical 
problems

• Justifying 
solutions is a 
key aspect of 
mathematical 
reasoning

• Encouraging 
student 
discussion 
and 
explanation 
fosters the 
development 
of reasoning 
and justifying 
skills

• Students' 
ability to 
articulate 
their 
mathematical 
thinking 
improves 
through 
activities that 
promote 
mathematical 
inquiry and 
scaffolded 
participation 
over time

Mathematical reasoning encompasses various types including 
inductive, deductive, abductive, and adaptive reasoning:



Reasoning | Finding the Middle

Monteleone, 2023



Reasoning | Finding the Middle

Monteleone, 2023

• Are you going to give me a ruler?

Student

• No

Teacher

• You can’t fold a wall so you can’t fold this paper. 
• I will draw a line here and another line, here and just 

to prove it to you I will draw another line this way 
and another line this way, that is the middle.

Student



• Inductive 
reasoning: 
verifying 
predictions

• Abductive 
reasoning: 
find the best 
explanation 
with the use 
of additional 
information 
to build on 
new learning

• Deductive 
reasoning: 
making 
predictions

• Adaptive 
reasoning: 
using a 
collection of 
findings, 
processes, 
concepts and 
solutions, to 
make sense of 
the 
mathematical 
problems

• Justifying 
solutions is a 
key aspect of 
mathematical 
reasoning

• Encouraging 
student 
discussion 
and 
explanation 
fosters the 
development 
of reasoning 
and justifying 
skills

• Students' 
ability to 
articulate 
their 
mathematical 
thinking 
improves 
through 
activities that 
promote 
mathematical 
inquiry and 
scaffolded 
participation 
over time

Mathematical reasoning encompasses various types including 
inductive, deductive, abductive, and adaptive reasoning:

What type of reasoning was 
this student displaying?



• Recognising 
interrelationships 
within mathematical 
concepts is a crucial 
aspect of reasoning 
and mathematical 
thinking

• Making mathematical 
connections involves 
identifying links within 
and between 
mathematical ideas, 
which indicates high 
levels of mathematical 
thinking

• Purposefully 
constructed learning 
experiences that build 
on prior knowledge 
and make conceptual 
connections engage 
students in higher 
levels of mathematical 
thinking



Making Connections |How many tiles? 

Monteleone, 2023



Making Connections | How many tiles?

Monteleone, 2023

•You could get a measuring tape and then pull it across like that, where the corners are. 
•Then you'll get five tiles, five tiles, five tiles. You keep getting five tiles and then you start laying them out in a row of five, like this.
• One, two, three, four, five.

Student

•Do you think that only five tiles can fit across here? Is that what you think?

Teacher

•Well maybe you could use wood to do it.

Student

•Wood? Explain how you could use wood.

Teacher

•Pretend this is a whole piece of wood. 
•And this is a whole piece of wood. 
•It would go across the cubby house. 
•And this is a piece of wood. And then that's a piece of wood. 
•This is a piece of wood. 
•And those last other ones could go, these last other ones, could go on top here. 
•And one will go here.
•And so, what you need to buy is one more tile.

Student



Five ways to guide our thinking… 

Students progressing in 
trajectories and in turn displaying 

mathematical thinking 
(Bobis et al., 2005; Clements & Sarama, 2014; DiSessa, 2000; 

Empson, 2011; Fraivillig et al., 1999; Siemon et al., 2017; Simon 
& Tzur, 2004; Wilson et al., 2013).

Students engaging in problem 
solving tasks

(Boaler, 1998; Cheeseman, 2008; Fennema et al., 1998; Franke 
& Carey, 1997; Freiman, 2018; Mueller et al., 2014; Schoenfeld, 
1987, 1988;  van Bommel & Palmer, 2018; Wood et al., 2006).

Students engaging with strategies 
that support sense making 

(Ball, 1993; Fennema et al., 1998; Ginsburg & Seo, 1999; 
Papandreou & Tsiouli, 2020; Steinberg et al., 2004; Wood et al., 

2006).

Students displaying reasoning and 
justifying during mathematical 

learning experiences
(Anthony et al., 2015; Carpenter et al., 2003; Diezmann et al., 

2001; Henningsen & Stein, 1997; Herbert et al., 2015; Hunter & 
Anthony, 2011; Melhuish et al., 2020; Papic et al., 2009; Vale et 
al., 2017; Warren et al., 2013; Watters & English, 1995; Wood & 

McNeal, 2003).

Students making connections to 
known mathematical ideas and 

transferring their thinking 
(Carpenter et al., 1990; Clements & Sarama, 2007; Fraivillig et 

al., 1999; Kinnear et al., 2018; Mulligan et al., 2006; Papic et al., 
2011; Stein et al., 1996; Warren & Cooper, 2005; White, 1998).



Critical 
Thinking (CT)

Mathematical 
Thinking (MT)

Critical 
Mathematical 

Thinking 
(CMT)



Critical Mathematical Thinking For Young Students 
Conceptual Framework

Monteleone, 2022; Monteleone et al., 2023



The five CMT themes
Interpreting

•Is an essential part of 
critical thinking, as it 
involves the formation 
of logical judgments or 
conclusions. 

•Critical thinkers who 
make decisions may 
also engage in 
interpretation. 

•The literature on 
interpreting that is part 
of the CMTFYS include 
clarifying and 
estimating.  

Analysing

•Is recognised as an 
important component 
of critical thinking. 

• Is both a cognitive skill 
and an affective 
disposition. 

•The sub-themes that 
represent analysing in 
critical thinking include 
applying, questioning, 
and noting 
relationships.

Evaluating

•Making claims and 
thought processes has 
been identified as an 
essential practice for 
promoting 
mathematical thinking. 

•The literature on 
mathematical thinking 
also identifies sub-
themes of evaluating, 
including making 
judgments based on 
criteria, solving 
problems, and 
providing opinions 
supported by 
reasoning.

Explaining

•This occurs when an 
individual provides 
reasons for decisions 
made, as well as depth 
and detail of the 
explanation.

•The sub-themes, such 
as stating, presenting, 
and justifying, help 
individuals develop 
their critical thinking 
skills by enabling them 
to explain their 
thought processes and 
how they arrived at 
their judgments.

Creating

•This involves 
generating new and 
innovative ideas. 

•Sub-themes associated 
with creating and 
critical thinking are 
related to evaluation 
and decision-making. 

•One such sub-theme is 
self-regulation, which 
involves an individual's 
ability to evaluate their 
own inferences. Non-
algorithmic decision-
making, which involves 
mental processes, 
strategies, and 
representations that 
people use to solve 
problems and make 
decisions, is also as a 
critical thinking 
element.



EvaluatingExplaining

Analysing

Interpreting Creating



How does CMT link to the Early Years 
Learning Framework (EYLF)? 

• In the elaborations of the outcomes within the EYLF, mathematical thinking may 
occur when children problem solve. For example, one outcome from the EYLF, 
Children and Confident and Involved Learners, highlights mathematical thinking 
opportunities, as follows:

create and use representation to organise, record and communicate mathematical ideas and 
concepts;

make predictions and generalisations about their daily activities, aspects of the natural 
world and environments, using patterns they generate or identify and communicate these 
using mathematical language and symbols;

contribute to mathematical discussions and arguments.

(Australian Government Department of Education, p. 53, 2022)



How does CMT link to the Australian 
Curriculum?

For primary aged children, the Australian Curriculum (2022) 
includes general capabilities that teachers are to address across 
all subject areas, including mathematics. 

One general capability that aligns with critical mathematical 
thinking is Critical and Creative Thinking. 

Critical thinking involves recognising arguments, evaluating 
evidence, and solving problems, while creative thinking involves 
generating new ideas and finding innovative solutions. 

In the Australian curriculum for Mathematics F – 6, the four 
proficiencies help enhance CMT. They include understanding, 
fluency, problem-solving and reasoning. Critical and Creative Thinking (Version 8.4)



Reasoning in the curriculum 

Australian Curriculum. Mathematics Proficiencies, n.d.

F-2

• Increasingly sophisticated 
capacity for logical thought 
and actions. 

• Reasoning occurs when they 
explain their thinking.

3 – 6

• Increasingly sophisticated 
capacity for logical thought 
and actions, such as 
evaluating, explaining and 
generalising. 

• Reasoning occurs when they 
explain their thinking, 
adapt the known to 
the unknown, and 
transfer learning from 
one context to another 
and explain their 
choices.

7 - 8

• Increasingly sophisticated 
capacity for logical thought 
and actions, such as analysing, 
evaluating, explaining, 
justifying and generalising. 

• Reasoning occurs when they 
explain their thinking, 
deduce and justify 
strategies used and 
conclusions reached, 
adapt the known to 
the unknown, transfer 
learning from one 
context to another, 
compare and contrast 
related ideas and 
explain their choices.

9 – 10

• Increasingly sophisticated 
capacity for logical thought 
and actions, such as analysing, 
proving, evaluating, explaining, 
inferring, justifying and 
generalising. 

• Reasoning occurs when they 
explain their thinking, 
deduce and justify 
strategies used and 
conclusions reached, 
adapt the known to 
the unknown, transfer 
learning from one 
context to another, 
prove that something 
is true or false, 
compare and contrast 
related ideas and 
explain their choices.



Mathematics V2 scope and sequence Levels F–6.docx

Reasoning Reason*

Mathematics scope and sequence – 
Foundation to Level 6

https://view.officeapps.live.com/op/view.aspx?src=https%3A%2F%2Fvictoriancurriculum.vcaa.vic.edu.au%2FStatic%2Fdocs%2FMathematics%2520V2%2520scope%2520and%2520sequence%2520Levels%2520F%25E2%2580%25936.docx&wdOrigin=BROWSELINK


Reasoning Reason*

Mathematics scope and sequence – Levels 
7 – 10A

https://victoriancurriculum.vcaa.vic.edu.au/mathematics/math
ematics-version-2-0/introduction/scope-and-sequence 

https://victoriancurriculum.vcaa.vic.edu.au/mathematics/mathematics-version-2-0/introduction/scope-and-sequence
https://victoriancurriculum.vcaa.vic.edu.au/mathematics/mathematics-version-2-0/introduction/scope-and-sequence


Teacher 
questioning



Teacher questioning – in a primary 
mathematics classroom setting

Factual questions Probing questions Guiding questions

75%  
Teacher 

Questions 

Yes or No 
Answers



Factual Teacher Questions 

Factual questions tend to provide very little 
information about a student’s understanding of a 

concept or content. 

These questions are lower 
order with little opportunity 

to discuss strategies with 
others (Sahin & Kulm, 2008). 

What is the 
name of figure 

X?

Which figure 
has five sides?

How many 
figures have 

an acute 
angle?

Is 76 larger 
than 67?
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Probing Teacher Questions 

Probing questions have been found to extend 
student’s understanding, knowledge, and 

mathematical thinking. 

These questions move students 
from low level to higher order 
thinking (Sahin & Kulm, 2008) 
providing further clarity about 

a student’s explanation. 

Is there another 
way to solve this?

What do you 
mean by X?

How did you work 
that out; do you 
think it matters?)

What would 
happen if…?

Okay, why?
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Guiding Teacher Questions

Guiding questions are considered questions that 
direct students to derive concepts or procedures to 

solve problems (Mata-Pereira & da Ponte, 2017). 

These questions are used when 
the teacher is supporting students 

to discuss their solutions, 
strategies, or procedures they 

used in the learning experience. 

Which method do 
you need to use 

now? 

Have you developed 
a strategy to …? 

Are there any other 
options…? 

What do you notice 
about this problem? 

What facts does the 
problem tell you? 

What are you trying 
to find out? (What 

is the problem 
asking for?

What tool might 
help you? 

How could drawing, 
table or diagram 

help you? 



Analysis of my teacher questioning



Summary of the Types of Teacher Questions
Factual Questions Probing Questions Guiding Questions 

• Provide very little information about a 
student’s understanding of a concept 
or content

• Are lower order with little opportunity 
to discuss strategies with others

• Can extend student’s understanding, 
knowledge, and mathematical 
thinking

• Support students to move from low 
level to higher order thinking

• Provide further clarity about a 
student’s explanation

• Direct students to derive concepts or 
procedures to solve problems

• Can support students to discuss their 
solutions, strategies, or procedures 
they used in the learning experience

What is the name of figure X?
Which figure has five sides?
How many figures have an acute angle?
Is 76 larger than 67?

Is there another way to solve this?
What do you mean by X?
How did you work that out; do you think it 
matters?)
What would happen if…?
Okay, why?

Which method do you need to use now? 
Have you developed a strategy to …? 
Are there any other options…? 
What do you notice about this problem? 
What facts does the problem tell you? 
What are you trying to find out? (What is the 
problem asking for?
What tool might help you? 
How could drawing, table or diagram help 
you? 



Why do we ask these questions – enhancing 
Reasoning and Critical Mathematical Thinking 

Probing questions were 
predominantly used to 

support students in eliciting 
their CMT.

Guiding and factual 
questions were less 

prevalent in the interviews.

Different types of 
questioning were analysed 
in relation to the CMTFYS.

Specific question types can 
aid students in interpreting 
and explaining their CMT 

during mathematical 
learning experiences



What type of learning is best situated for CMT? 
Students use mathematical proof to justify solutions

Students of primary and middle-school age can articulate arguments

Students develop justifications through making sense of problems, 
noticing patterns, and posing hypotheses

Discussions and negotiations with peers help students refine their 
solutions and understanding of mathematical reasoning

When students articulate convincing justifications, they further refine 
their understanding and ability to validate mathematical statements



Was this presentation about explicit teaching in mathematics?



Key take-aways

Read about Critical Mathematical 
Thinking 
Monteleone, C., Miller, J., & Warren, E. (2023). 
Conceptualising critical mathematical thinking in 
young students. Mathematics Education Research 
Journal, 35(2), 339-359.
Monteleone, C., & Miller, J. (2023). Evidence of 
Young Students' Critical Mathematical Thinking. 
Mathematics Education Research Group of 
Australasia.
Monteleone, C. (2022). Teacher Questioning to 
Support Young Students to Interpret and Explain 
Their Critical Mathematical Thinking. Mathematics 
Education Research Group of Australasia.

Pose guiding and probing questions Rethink your explicit teaching 
strategies 



What is best in mathematics deserves not merely 
to be learned as a task but to be assimilated as a 

part of daily thought and brought again and 
again before the mind with ever-renewed 

encouragement.

Bertrand Rusell, in his book Contemplation and Action, 1902-14 
(1985), stressing the continuous interplay of reasoning and 

reflection in mathematics. 



Reasoning is the lifeblood of mathematics; 
the air it breathes. 

Hannah Fry is a British academic, author and radio and 
television presenter. She is Professor in the Mathematics of 

Cities at the UCL Centre for Advanced Spatial Analysis.
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